New two-component soliton solutions of the coupled high-frequency (HF) -low-frequency (LF) system, based on Schrödinger -Korteweg -de Vries (KdV) system with the Zakharov's coupling, are obtained for arbitrary relative strengths of the nonlinearity and dispersion in the LF component. The complex HF field is governed by the linear Schrödinger equation with a potential generated by the real LF component, which, in turn, is governed by the KdV equation including the ponderomotive coupling term, representing the feedback of the HF field onto the LF component. First, we study the evolution of pulse-shaped pulses by means of direct simulations. In the case when the dispersion of the LF component is weak in comparison to its nonlinearity, the input gives rise to several solitons in which the HF component is much broader than its LF counterpart. In the opposite case, the system creates a single soliton with approximately equal widths of both components. Collisions between stable solitons are studied too, with a conclusion that the collisions are inelastic, with a greater soliton getting still stronger, and the smaller one suffering further attenuation. Robust intrinsic modes are excited in the colliding solitons. A new family of approximate analytical two-component soliton solutions with two free parameters is found for an arbitrary relative strength of the nonlinearity and dispersion of the LF component, assuming weak feedback of the HF field onto the LF component. Further, a one-parameter (non-generic) family of exact bright-soliton solutions, with mutually proportional HF and LF components, is produced too. Intrinsic dynamics of the two-component solitons, induced by a shift of their HF component against the LF one, is also studied, by means of numerical simulations, demonstrating excitation of a robust intrinsic mode. In addition to the abovementioned results for LF-dominated two-component solitons, which always run in one (positive) velocities, we produce HF-dominated soliton complexes, which travel in the opposite (negative) direction. They are obtained in a numerical form, and by means of a quasi-adiabatic analytical approximation. The solutions with positive and negative velocities correspond, respectively, to superand subsonic Davydov-Scott solitons. 
Introduction
Solitons, as robust self-trapped modes, are generated by the wave propagation in diverse dispersive nonlinear media, including surface waves (SWs) on deep and shallow water, internal waves (IWs) in stratified liquids, Langmuir and ion-sound waves in plasma, pulses and beams in nonlinear photonics, matter waves in Bose-Einstein condensates, electromagnetic waves in long Josephson junctions, spin waves in magnetically ordered materials, etc. [1] [2] [3] [4] [5] [6] [7] [8] . In the framework of rigorous mathematical analysis, term "solitons" is usually reserved only for exact solutions of integrable models [1] , but in physics literature solitary waves in nonintegrable systems are also commonly called solitons. We use this term below in the same general sense.
Dynamics of intense low-frequency (LF) waves, such as IWs in stratified liquids, SWs on shallow water and ion-sound waves in plasmas, is modeled by the unidirectional Korteweg -de Vries (KdV) equation. Soliton solutions of these equations originate from the balance of nonlinearity and dispersion of the LF waves.
In many physically relevant settings, HF waves are naturally coupled to the propagation of LF excitations. This is possible because, while the frequencies and wavenumbers of the wave modes of the two types are widely different, their phase and group velocities may be close, thus providing resonant enhancement of the coupling. A generic class of models of the HF-LF interaction is represented by the Zakharov's system, which includes the linear Schrödinger (LS) equation coupled to the KdV equation [9] . In this system, the HF field is governed by the Schrödinger equation, with the coupling provided by an effective potential term produced by the LF waves [10] [11] [12] . For HF Langmuir waves in plasmas, the potential term accounts for the variation of the plasma density caused by LF ion-sound waves, while for HF SWs in stratified fluids the potential is induced by the flow current on the surface of the fluid caused by the LF IWs under the surface. In this system, the LF component is generically governed by the unidirectional KdV equation (derivations can be found in Refs. [13] [14] [15] [16] [17] ). In addition to the proper nonlinearity and dispersion of the LF waves, it includes a quadratic driving term induced by the HF waves, which accounts for the coupling to them.
Soliton solutions of this system were obtained, thus far, in the following particular cases: (i) for equal nonlinearity and dispersion coefficients of the LF wave (  and  , respectively, see section 2 below), the exact two-component Davydov-Scott (DS) soliton solution is available [18, 19] ; (ii) for the same case,   , gray-and dark-soliton varieties of DS were found [20] ; (iii) for the generic case of unequal nonlinearity and dispersion coefficients (   ) and a small amplitude of the HF field, two-component multihump solitons were found in an approximate form [10] ; (iv) neglecting the feedback action of the HF component on the LF wave, which induces a potential well in the HF equation, localized linear stationary states of the HF field were found too [15] . In the framework of general Zakharov-type model, which couples the nonlinear Schrödinger (NLS) equation for intense HF waves to the Boussinesq or KdV equation for the LF component through quadratic terms, oneparameter families of exact two-component solitons for interacting HF and LF waves were recently found too [21] (for systems with the LF equation of the Boussinesq, other solitons were earlier reported in Refs. [22] and [23] ). The above-mentioned solutions were obtained under very special conditions. For underlying physical models, such as the Zakharov's system for the plasmas [9] , it is relevant to find more general soliton solutions for an arbitrary relative strength of the nonlinearity and dispersion of the LF waves. In this work, such solutions are found in the framework of the coupled LS and KdV equations. The system is formulated in Section 2, which also includes its Lagrangian and Hamiltonian representations. Numerical results are reported in Section 3. First, the evolution of a pulse-shaped input is studied by means of systematic simulations in subsection 3.1. For the case of weak dispersion, in comparison with the nonlinearity (    ), the initial pulse splits into several twocomponent solitons, each having the HF component much broader than its LF counterpart. In the opposite case of relatively strong dispersion (    ), the input pulse tends to generate a single soliton with approximately equal widths of its components. While the solitons considered in subsection 3.1 are dominated by the dynamics of the LF component, and, as the usual KdV solitons, run only in one (positive) direction, which corresponds to supersonic solitons in the Davydov's model [20] , simulations presented in subsection 3.2 demonstrate that, in the same system, HF-dominated solitons travel with in the opposite (negative) direction, corresponding to subsonic Davydov's solitons [20] ). Collisions between stable solitons are studied in Section 3.3, by means of direct simulations. It is concluded that the collisions are inelastic, making a larger soliton stronger, and attenuating a smaller one. Robust intrinsic oscillations are excited in the colliding solitons, suggesting the existing of internal modes in them.
Analytical results are reported in Section 4. First, in subsection 4.1 a new family of approximate analytical two-component soliton solutions, with two free parameters, is derived for an arbitrary relative strength of the nonlinearity (  ) and dispersion (  ) of the LF waves, assuming weak feedback of the HF component onto the LF one. In agreement with the numerical findings, the approximate analytical solutions have the width of the HF component which is much larger than that of the LF in the case of weak dispersion (    ). In subsection 4.2 a one-parameter (non-generic) family of exact two-component bright solitons with squared-sech components is produced, under condition of relatively weak dispersion,
. Perturbed dynamics of the solitons, induced by a spatial shift of their HF component with respect to the LF one (this is a critical perturbation which may cause instability of the solitons) and collisions between the analytically found solitons are also considered in Section 4 by means of direct simulations.
While the two-component solitons considered in subsection 4.1 and 4.2 are LF-dominated ones, which travel with positive velocities, in subsection 4.3 we develop a quasi-adiabatic approximation, which makes it possible to predict HF-dominated solitons, which run with negative velocities. As mentioned above, the positive and negative velocities correspond to the supersonic and subsonic DS solitons, in terms of the Davydov's model [20] . The paper is concluded by Section 5.
The system of coupled LS-KdV equations
We start by considering the unidirectional copropagation of the complex HF wave field,
, with a slowly varying envelope,   t x U , , and the real LF field,   t x n , (effectively, it may be considered as a local perturbation of the refractive index acting on the HF component), in the framework of the LS and KdV equations, coupled by the usual (quadratic) terms [9, 15, 16] 
where t and  are the temporal and spatial variables, 0   and 0   are the above-mentioned nonlinearity and dispersion coefficients of the LF waves, and  is the HF-induced striction (ponderomotive) coefficient. Note that scaling transformation
 transforms Eqs. (1) and (2) into the system with 1   and  replaced by /  , i.e., the system with the single free constant, exactly the one (ratio /  ) which plays the role of the control parameter in the present analysis. Nevertheless, for producing particular results below, we prefer to keep the system in the original form of Eqs. (1) and (2), as it will be convenient to vary all the three parameters, , 
where the asterisk stands for the complex conjugate field. Further, the application of the Legendre transformation to the Lagrangian produces the respective Hamiltonian (written in terms of n , rather than v ), which is a dynamical invariant of the underlying system of Eqs. (1) and (2):
Other dynamical invariants are the total momentum, which is generated from the Lagrangian by the Noether theorem,
as well as the wave action of the HF component and the total mass of the LF one:
With zero HF component, 0  U , the system of Eqs. (1) and (2) is reduced to the KdV equation with the respective soliton solution:
where  is an arbitrary width, and V is the respective velocity. When both the HF and LF components are present, steadily moving soliton solutions can be looked for in the following form:
where real  and n are determined by the ordinary differential equations,
Soliton solutions should be exponentially localized. As it follows from Eqs. (5) and (6), this condition implies 0 V  (i.e., the KdV solitons run in the single (positive) direction) and 0
It is commonly known that the Schrödinger and KdV equations are invariant with respect to the Galilean transformations (GTs), which take different forms for these equations. In the Schrödinger equation, moving wave forms are Galilean transforms of quiescent ones, while KdV solitons (3) exist 6 only with nonzero velocity. In the application to coupled Eqs. (1) and (2), the GT transforms a given soliton, with velocity 1 0 V  , into one with any other velocity, 2 0
The following explicit (exact and approximate) soliton solutions of Eqs. (1) and (2) were obtained in the previous works, as mentioned in the Introduction:
(i) For   , the two-component DS soliton solution, found in the context of the original Davydov's model for long polymer molecules [18] and in other contexts [19] :
where
with two arbitrary real parameters  and A . This particular exact solution is invariant with respect to the above Galilean transformation. Note that, unlike the KdV soliton (3), whose velocity cannot change its sign, the velocity of the exact DS solution (7a), as given by Eq. (7b), may be both positive and negative, provided that the product of the nonlinearity coefficients is positive, 0   .
(ii) For the same case,   , solitons supported by finite background were found [20] . They include modes with the dark-soliton or "bubble" [24] structure in the HF component, and a "bubble" in the LF wave, as well as new two-hump dark solitons.
(iii) For   and a small amplitude of the HF field, 1 /  n U , approximate multihump solitons were found in Ref. [10] , in terms of a system originating from a lattice model.
(iv) Neglecting the feedback action of the HF components on the LF waves, which induce a potential well in the HF equation, localized linear stationary pulses of the HF field may be bound states of the usual linear Schrödinger equation [16] .
Numerical results

The evolution of input pulses dominated by the LF component
To gain insight into the behavior of the coupled Schrödinger-KdV system with different relative strengths of the dispersion and nonlinearity in the KdV component, we start with systematic simulations of Eqs. (1) and (2) . For this purpose, the finite-difference scheme was used, implemented by means of the Maple software shell.
Here, we display results which adequately represent the typical situation, by fixing 10
, and varying  . The input was taken in the form of a generic two-component pulse, which follows the structure of the DS soliton (4):
At    , this input tends to split into several two-component solitons (Figs. 1 and 3) , with the width of the HF component larger than that of the LF field (see Figs. 2 and 4) . These results may be compared to those reported in Ref. [10] , where formation of complexes built of several solitons, but with zero velocities, was considered in the framework of a system in which the LF component was governed by an equation of the Boussinesq type. Unlike the present situation, those complexes might form stationary multi-soliton bound states. (1)- (2) At    , the results of the evolution of input (8) are essentially different, generating a single two-component soliton (Fig. 5) , with approximately equal widths of both components (see Fig. 6 ). In all the cases, the emerging solitons are, obviously, stable ones (otherwise, they would not self-trap in the direct simulations). 
cf. Eq. (8 Fig. 7(a) ), and, on the other hand, the creation of the single soliton with approximately equal widths of its components in the case of /1   , see Fig. 7(b) . Fig. 7 . Results of simulations of the system (1)- (2) with input (9) 
The evolution of input pulses dominated by the HF component
Very different results are produced by the input which includes solely the HF component,
For the same parameters as used above, i.e., , which demonstrate that the HF component quickly develops a soliton structure, while the LF field features a quasi-localized undulatory shape, with a long dispersive tail attached to it on the right-hand side. A crucial difference of this result from those displayed above in Figs. 1, 3 , and 5 is that, in the present case, the twocomponent quasi-soliton moves with a negative velocity (like subsonic solitons, in terms of the Davydov's model [20] ). Below (in subsection 4.3), we demonstrate that the LF field in this configuration may be understood as a superposition of a soliton's LF component, obtained in the quasi-adiabatic approximation [25] , and a dispersive quasi-linear wave. A characteristic feature of the quasi-adiabatic solitons is that their velocity is negative, as indeed observed here.
11 Fig. 8 . Results of simulations of the system of Eqs. (1)- (2), produced by input (10) 
Soliton-soliton collisions
Interactions between stable solitons are an issue of obvious interest to physical realizations of the system. Simulations of soliton-soliton collisions also help to understand general dynamical properties of the system under the consideration.
Here we consider collisions between different solitons, with components    
,
Un  and    
Un  , produced as outlined in the previous subsection. Actually, these two solitons were taken as ones generated from inputs (8) and (9), respectively. They were initially placed at a sufficiently large distance, 
V
. The simulation, displayed in Fig.   10 , demonstrates that the collision is inelastic: although the solitons pass through each other, the initially larger one becomes still larger, while the smaller one becomes still smaller. The collision also causes excitation of conspicuous intrinsic vibrations in the larger soliton, which suggests the existence of an intrinsic mode in the solitons. Fig. 10 . Results of simulations of Eqs. (1) and (2) 
, respectively, is displayed in Fig. 9 . The collision demonstrates inelasticity similar to that observed in Fig. 8 . 
Analytical results
Approximate soliton solutions with the dominant LF component
Most essential results reported in this work are analytical ones. First, in the particular case when the HF field is absent, i.e., 0 U  , an obvious solution of Eq. (6) 
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Substituting this expression for the LF field in Eq. (5), and neglecting the ponderomotive feedback of the HF field on the LF waves, i.e., setting 0   in Eqs. (2) and (6) 
(12b) The ground-state eigenvalue of Eq. (12a) is
with the corresponding exact wave function [26], and different values of the dispersion/nonlinearity ratio: curve 1 corresponds to value
). The dotted bottom curve shows the LF profile from Eq. (10),
In Fig. 13 , the analytical waveform (14) (Fig. 6) . In Fig. 13(a) , Eqs. (14) and (15) 
Substituting this in Eq. (6), neglecting the term 2 1 n , and returning to variable   /   as per Eq. (12), we arrive at a linear inhomogeneous equation: 
The feedback-corrected LF mode (15) , with the correction taken according to Eq. (17), is compared to its numerically found counterpart in Fig. 14 (dashed curve). In this case too, the agreement of the analytical prediction with the numerical solution is good. Note that correction (17) is essential, as, without it, the zeroth-order analytical approximation does not produce local maxima and positive tails of the LF mode. Fig. 2 (initially generated by input (8)). The dashed curve represents the respective analytical approximation given by Eqs. (15) and (17) 
Exact soliton solutions and numerical tests of their stability and collisions
The feedback of the HF field on the LF component can be taken into account in an exact form in the particular case of 2 k  in Eq. (14), which corresponds to /3   (18) in terms of Eq. (13) . In this case, we replace Eq. (10) by
with some amplitude N, that should be found, and the substitution of 
Further, it follows from the comparison of Eqs. (10) and (19) 
Finally, combining Eqs. (20) and (21), one can find the amplitudes of the HF and LF and fields, as a part of the exact solution:
  (22) Thus, the final form of the family of the exact solutions to Eqs. (5) and (6) is
where  is a free parameter of the family, while the soliton's velocity and the frequency of its HL component (see Eqs. (4) and (5)) are
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In particular, for
the HF component of soliton (23) vanishes, and the solution reduces to the KdV soliton (3) . The presence of the single free parameter in the family,  , implies that it is not a generic soliton family, as the latter one should have two free independent parameters, representing the velocity and amplitude of solitons [21] . In fact, the exact solution given by Eqs. (23) and (24) may be considered as a bright version of a similar soliton reported in a very recent work [20] , under the name of the "Davydov soliton of the second kind", alias a supersonic Davydov soliton, with a difference that the solution presented in Ref. [20] includes a nonzero background in the LF component.
Stability of exact solution (23) was tested by means of direct simulations of the underlying system of Eqs. (1) and (2) . As a specific perturbation, the simulations included an initial shift, (1) and (2) with input (25) Further, Fig. 16 displays results produced by the simulations of the evolution of input (25) 
 
between the components. In this case, the disturbed soliton features robust longperiod intrinsic vibrations, which suggests that the soliton is a truly stable bound state, and, plausibly, it supports a stable mode of internal excitations. Fig. 16 . The same as in Fig. 15 , but for input (25) with initial shift 2 / 1 0   between the HF and LF components.
As well as in the case of generic numerically found soliton solutions considered in the previous section, collisions between exact solitons are an issue of obvious interest to physical realizations of the system. We have performed systematic simulations of collisions between exact solitons with two different values of parameter  , hence moving with different velocities (see Eq. (24) (23) and (24) 
Approximate soliton solutions with the dominant HF component
The adiabatic approximation is frequently applied to systems of the Zakharov's type [25] . In terms of Eq. (6), this approximation omits the second derivative and the term 
The substitution of this in Eq. (5) yields the stationary version of the cubic NLS equation,
Obviously, Eq. (27) with 0   gives rise to bright solitons,
but with the negative velocity, like in Fig. 8 , and on the contrary to what is seen in Figs. 1, 3 , 5, 10, 11, 15, 17, and 18 . Thus, the solitons with the dominant HF component (the present derivation implies that the LF component (26) of the two-component soliton is small), unlike the complexes considered above, in which the LF component is the dominant one (or, at least, is comparable to its HF counterpart), move in the negative direction. In terms of the Davydov's model, solitons moving with negative velocities are called subsonic ones, on the contrary to the supersonic DSs, which run with positive velocities [20] .
In fact, Fig. 9 suggests that the nonlinear term ( 2 n ) in Eqs. (2) and (6) for the LF field is indeed negligible, as the LF amplitude is very small, but the dispersive term may be essential in these equations. In that case, instead of adopting the simple adiabatic relation (26), one should solve the linearized version of Eq. (6),
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It can be solved as the equation of motion for a driven harmonic oscillator, but the substitution of the solution in Eq. (5) 
Finally, the substitution of expressions (30) and (31) in Eq. (5) predicts a corrected expression for the amplitude of the HF components:
cf. Eq. (28). This results implies that the velocity of the HF-dominated two-component soliton is not merely negative, but its absolute value must be large enough: Finally, as concerns the explanation of the numerical results displayed in Figs. 8 and 9 , which correspond to initial conditions (10) , the solution of the corresponding linearized (with respect to n ) version of Eq. (2) may be looked for as 
Conclusion
The main objective of this work is to extend the study of solitons in coupled Schrödinger-KdV system to the case of an arbitrary relative strength of the nonlinearity and dispersion of the LF (lowfrequency) component (  and  , respectively). New solitons have been reported in this system. For the case of weak dispersion,    , the numerically simulated evolution of the generic input tends to create several two-component solitons, with the HF (high-frequency) component much broader than its LF counterpart. For strong dispersion,    , the initial pulse typically gives rise to a single two-component soliton, with approximately equal widths of its components. Collisions between stable solitons were systematically studied too by means of direct simulations. The collisions are inelastic, making initially larger and smaller solitons still larger and smaller, respectively, and leading to excitation of internal oscillations in the colliding solitons. A family of two-component solitons, with two free parameters, has been found in an approximate analytical form, assuming weak ponderomotive feedback of the HF component onto the LF one. A one-parameter (i.e., non-generic) family of exact two-component solitons has been produced under condition   3

. Perturbed dynamics of the two-component solitons, induced by a spatial shift of their HF component against the LF one, and collision between the solitons were analyzed too, by means of systematic direct simulations, with the conclusion that the shift excites a robust intrinsic mode in the solitons, and the collisions are inelastic.
All the above-mentioned species of two-component solitons are ones dominated by the LF component, and they all run with positive velocities (as supersonic solitons in the Davydov's model). We have also demonstrated, in the numerical form and by means of the quasi-adiabatic approximation, that the same system gives rise to HF-dominated soliton complexes, which travel with negative velocities (subsonic solitons). The solitons of the latter type typically appear in a combination with a quasi-linear dispersive component of the LF field.
